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Abstract. Given a spacelike 2-surface E in a spacetime N and 
a constant future timelike unit vector Tq in M^'^, we derive upper 
and lower estimates of Wang-Yau quasilocal energy E{T,, X,Tq) 
for a given isometric embedding X of S into a flat 3-slice in M'^'^. 
The quantity £'(S, AT, Tq) itself depends on the choice of X, how- 
ever the infimum of E{T,, X,Tq) over Tq does not. In particular, 
when S lies in a time symmetric 3-slice in N and has nonnega- 
tive Brown- York quasilocal mass rrigYlS): our estimates show that 
inf ^^(E, AT, To) equals ttIbyIS^)- We also study the spatial limit 

To 

of inf E{Sr, XrjTg), where Sr is a large coordinate sphere in a 

To 

fixed end of an asymptotically flat initial data set {M,g,p) and 
Xr is an isometric embcddings of Sr into C M'^'^. We show 
that if {M,g,p) has future timelike ADM energy- momentum, then 
lim inf E{Sr, Xr,To) equals the ADM mass of {M,g,p). 

r^oo To 



1. Introduction 

In [HI [in], Wang and Yau define a quasilocal energy Tq) for 

a spacelike 2-surface E in a spacetime N, where X is an isometric 
embedding of S into the Minkowski spacetime M^'^ and Tq is a constant 
future timehke unit vector in M^'^. Under the assumptions that the 
mean curvature vector if of S in and the mean curvature vector Hq 
of S when embedded in R^'^ are both spacehke, E{T., X,To) is defined 
and can be expressed as follows (see [HI (1.2), (1.5)]): 
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E(S,X,To) 

= i- ^ I Vl^oP(l + |Vr|2) + (Ar)2 - ^\H\\l + |Vr|2) + (Ar) 



- Ar 



sinh — — ) — sinh 



v/1 + |Vr|2|/for W^^+WW\H\ 



Here \Ho\ = ^/{Ho,Ho), \H\ = ./(Hji), r = -(X,To), Vr and Ar 
are the intrinsic gradient and the intrinsic Laplacian of r on S; J is the 
future timehke unit normal vector field along S in X which is dual to 
H along the light cone in the normal bundle of E. Namely, if ei, 62, 63, 
64 are orthonormal tangent vectors of N such that 61,62 are tangent 
to S, 63 is spacelike with (63, H) < and 64 is future timelike, then 
H = {H, 63)63 — {H, 64)64 and J = {H, 64)63 — {H, 63)64; Jo is defined 
similarly for S when embedded in M^'^. 

Wang and Yau P, [TU] define a new quasilocal mass of S in N , which 
we denote by m^^y(E), to be the infimum of To) over those 

X and To such that the resulting r = — (To,X) is admissible (see [TUt 
Definition 5.1] for the definition of admissible data). They prove an 
important property on positivity of m,^y (S) under the assumption that 
N satisfies the usual dominant energy condition. Note that, if S has 
positive Gaussian curvature, then r = is admissible Remark 1.1]. 
Hence, m^yy(S) < _E'(S,X, To) = mLY(S), where X is an embedding of 
S into = {(0,x) e M^'^}, To = (1,0,0,0), and 11X^^(2) is the Liu- Yau 
quasilocal mass of S [HE]- Note that mLY(S) equals the Brown- York 
quasilocal mass mgY(S) [2113] if in addition E bounds a compact time- 
symmetric hypersurface. 

The expression of £"(2, X, Tq) is rather complicated. It is not clear if 
m^^,Y{T,) can be achieved by some admissible data. In [11], restricting 
to an embedding X of S into C M'^'^, Wang and Yau study the 
spatial limit of -E'(S,X, Tq) on an asymptotically fiat spacelike hyper- 
surface. Motivated by their work, we want to get some lower and upper 
estimates of ii^(S,X, To) for a fixed 2-surface S. 

More precisely, let us assume that S has positive Gaussian curva- 
ture. Isometrically embed S in M'^ = {(0,x) G M^'^} and let X be the 
embedding. Let To = (a/1 + |aP, a), where a = (a^,a^,a^) G M^, be a 
constant future timelike unit vector in M^'^. In this work, we will prove 
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the following estimates: 

3 

i=l 

>e{j:,x,To) (1.2) 

3 

where C is a constant depending only on\HQ\, \H\ and their integrals on 
S, and V = (Vi, V2, V3) is a constant vector in so that — Yl^=i '^^^i 
equals /s(Vy^|^, -^^dv^, in (11.11) . Note that, if we let 

W=(m,,(S),V), 

then + |a|2mLY(S) - ELi is exactly -(Tq, W), and ([L2]) can 
be written as: 

-(To,W) + Cv/rTH^>^(S,X,To) > -(To,W). (1.3) 

An immediate application of the estimates (II. 2p is the following 
result relating the Wang-Yau quasilocal energy and the Brown- York 
quasilocal mass: 

With the above notations, suppose E hounds a compact, time- symmetric 
hypersurface Q in a spacetime N satisfying the dominant energy condi- 
tion. Suppose S has positive Gaussian curvature and has positive mean 
curvature in Q with respect to the outward unit normal, then 

inf£;(S,X,To)=m3,(S). 

To 

Another application of (11.21) is in the study of the spatial limit of 
Wang-Yau quasilocal energy on an asymptotically fiat spacelike hyper- 
surface. Recall that a spacelike hypersurface M with induced metric g 
and second fundamental form p in a spacetime N is called asymptoti- 
cally flat if there is a compact set K such that M\K has finitely many 
ends, each of which is diffeomorphic to the complement of a Euclidean 
ball in and such that the metric g is of the form gij = 5ij + aij so 
that 

r\aij\ + r^\daij\ + r^\ddaij\ < C (1.4) 

and pij satisfies 

r^\Pij\ + r'\dpi,\ < C (1.5) 

for some constant C, where r = denotes the coordinate length in 
M'^. In [11], Wang and Yau prove the following: 
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Theorem 1.1. Theorem 3.1] Let {M,g,p) be an asymptotically 
flat spacelike hypersurface in a spacetime N. On any given end of 
M, let Sr be the coordinate sphere of radius r, let be the isometric 
embedding of Sr into = {(0,x) G M^'^} given by Lemma \3.1\ and 
let To = (a/1 + a^, a^, a^) be a fixed future timelike unit vector in 
R^'\ Then 

3 

lim E{Sr, Xr, To) = ^/T+We + Y a'P,, (1.6) 

i=l 

where E is the ADM energy of {M,g,p) and P = {Pi, P2, P3) is the 
ADM linear momentum of (M, g, p) . 

Since the Wang-Yau quasilocal mass mjyy(S) is defined as the infi- 
mum of a class of -E(S, X, To), we would like to understand the asymp- 
totical behavior of the infimum inf E{Sr, Xr, Tq) as r ^ 00. Note that 

To 

in Theorem 11.11 if ii^ > \P\ and hence the ADM mass [Ij in^^^^ of 
{M,g,p) is positive, then it is not hard to see that 

inf^ [Vi+We + ^'P) = VE' - |PP = m,,,,. (1.7) 

Applying the estimates (11.21) . we will prove the following: 

With the notations given in Theorem suppose N satisfies the 
dominant energy condition and suppose N is not flat along M , then 

lim inf E(S'„X„To) = m^^,,. (1.8) 

r^oo Tq 



Again, since m^Y^Sr) is defined to be the infimum of T'(5'.r, X^, To) 
over those isometric embeddings X,, : S ^ M^'^ and constant future 
timelike unit vectors To in M^'^ such that r = — (X,., Tq) are admissible, 
we remark that it is yet unclear whether lim m^^y(S'r.) = tn^oM- 



2. Estimates of Wang-Yau quasi-local energy 

In this section, we derive the main estimates of i^^(S,X, To) for a 
given isometric embedding X of S into a fiat 3-slice in M^'^. Precisely, 
let S be a spacelike 2-surface in a spacetime X such that S has positive 
Gaussian curvature and the mean curvature vector if of S in X is 
spacelike. Let X be an isometric embedding of S into = {(0,x) G 
M^'^} and let To G M^'^ be an arbitrary constant future timelike unit 
vector. Let T'(S,X, Tq) be given by (11.11) with r = — (To,X). Since 
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X is only unique up to a rigid motion of M^, we note that E(T,, X, Tq) 
depends on the choice of X, but the infimum 

infE(S,X,To) (2.1) 

To 

does not. Hence, if it is finite, fl2.ip gives a geometric invariant of S in 
N. 

First, we define a constant vector W = W(S,X) G M^'^ associated 
to E and X. Let aesi') be the connection 1-form on S introduced in 
[TOl (1.3)] which is defined as 

«.3(n = (V?^,^), VFGTS. (2.2) 

Let = V{T,) be the vector field on S that is dual to ae^^-). Given 
an embedding X : T, R^, we identify V with dX{V) through the 
tangent map dX and hence view V = V{T,,X) as an M^-valued vector 
field along S. Now define 

V(E,X) = ^ [ Vdv^ E (2.3) 

and 

W(S,X) = (m,,(S),V(S,X)) gR3'\ (2.4) 
Here mLY(S) is the Liu-Yau quasilocal mass defined in [5l[6], i.e. 

m,,(S) = ^ / iko-\H\)dv^, (2.5) 

where /cq is the mean curvature of S with respect to the outward unit 
normal when isometrically embedded in M^. Note that if S bounds 
a compact, time-symmetric hypersurface Q in N and S has positive 
mean curvature in Q with respect to the outward unit normal, then 
mLY(S) agrees with the Brown- York quasilocal mass mgY(S) [21 [3]. 

If X differs by a rigid motion in M^, then V(S,X) differs by a cor- 
responding rotation in and W{T,,X) differs by a rotation in R'^ 
considered Lorentzian transformation in R ' . 

Theorem 2.1. Let S, X, Tq and V = V(S,X) and W = W(S,X) 6e 
g'wen as above. The foUowings are true: 
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(i) Suppose V= (Vi,V2,V3), then 

3 

-(To, w) + cyrri^ =yrTH' Ky(s) + - J] 



1=1 



where Tq — (yT+~|ap, a^, a^, a^) and C is the constant given 
by 



C = sup 



s 



+ ^-2 



\H\^ \H 



1 

Stt 



Kl^ol-I^^l 

s 



Moreover, the equality 

E{E,X,To)^-{To,W) (2.7) 

holds if and only if Tq — (1,0,0,0) or \H\ — \Ho\ everywhere 
on S. In this second case, E(E, X,To) — — X]i=i^'H; V Tq. 
(ii) // W is future timelike, then 

V-{-W,}V) + C— >E(S, X, T*) 

V-(W,>V) - (2.8) 



>inf^(E,X,ro) > V-(>V,>V), 

To 



where = , ^ 



(iii) r/ie vector —V is t/ie gradient of the function E(a) = E(T,, X, Tq) 
at a = (0, 0, 0). // m addition m^-yCE) > 0, then V — if and 
only if 

infi?(E,X,ro) = m,,(E). (2.9) 

Proof, (i) Let {Cq | q; = 1, 2} be an orthonormal frame of T^S for any 
p e E. Identifying with dX(ea) through the tangent map dX, we 
have 

2 2 

Vr = - ^ (ea(a, X)) = - ^(a, ea)ea. 

a=l a=l 

Hence, 

2 

I I I I Q=l I I I I 
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where V is the vector field on S dual to the connection 1-form ctesl") 
defined in fl2.2l) . On the other hand, 



(2.11) 



l-^ol l-f^ol 

since X(S) lies in Ml Therefore, by (HH]), flCTl) - (121111 . we have 

E(S,X,To) = ^(S,X,To) - (a, V), (2.12) 

where 

m,x,To) 

= ^ I V|i/oP(l + |Vr|2) + (Ar)2 - v/|//P(l + |VrP) + (Ar)^ 



- Ar 



sinh ^( 



Ar 



Vl + |Vr|2|i7o| 



— sinh ^ ( 



Ar 



v/l + |Vr|2|if| 



We first prove that: 



E(S,X,To)> Vl + |a|XY(S) 



(2.13) 
(2.14) 



To prove fl2.14p . we use spherical coordinates on M^. Let p > be a 
scalar and u; G §^ be a unit vector in M^. Write a = pu, we have 

r = -{a,X) = -p{iu,X), 

At = -(a, AX) = -{pu, Ho) = pko{u, e^«), 

l + |Vr|2 = l + p2(i_(^^e^°)2), 

where Hq is the mean curvature vector of X(S) in C R^'^, 6''^° = 
— is the outward unit normal to X(E) in R^, and fco = |-f^o| is the 

mean curvature of X(E) with respect to e^" in R^. 
In what follows, we let 



be two functions on S. In terms of p, q, we have 

Ar = pkop, 1 + I Vrp = 1 + p'^q^ 

and 



Ar 



pp 



(2.15) 
(2.16) 
(2.17) 
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The quantity E(T,, X,To) now becomes a function of p and u, say 
E{p,uj). By (|27[3D . we have 

E{p,u) =E{J:,X,To) 
1 



Stt 



sinh ^ 1 — -T-\~ sinh ^ 

/ITpV ^ 



2^2 



where k = \H\ > and if is the mean curvature vector of S in A^. 
Henceforth, we omit writing the volume form dvj: for simphcity. 
Since ko > 0, we can rewrite E{p,uj) as 



E{p,uj) =— / kol [VTT?- v/pV + t'(i + pV) 



+ fco(pp) 



sinh ^ 



pp 



sinh 



-1 



PP 



(2.18) 



where t = > is a function on S. Let 

feo 

PP 



then 



Now define 



1 + f 



P(l + /2)2 



(2.19) 



(2.20) 



B{p,Uj) =^/TT? - y/p^p' + t2(l + p2g2)^ 



(t^+/^)^ 
(1 + /^)^ 



and 

F(p, uj) = PP 
By (EIH]), we have 

Eip,Lu) 

Direct calculation gives 



sinh ^ ( — ] — sinh ^(/) 



1 



fco[5(p,^) + F(p,^)]. 
5p"^^ -p(l + p2)' 



(2.21) 



(2.22) 



(2.23) 



(2.24) 
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dF 
dp 



=P 



sinh 



PP 



/ 
t 

P 



smh~\f) 



+ 



+ 



P(l + /2)l 



-(1 + /^)" 



4f 



sinh ^ / 



f{i + py 



sinh 



-1 



+ 



f{l + P 



(l+p2)(t2 + /2)i 



(2.26) 



where we assume p > whenever p appears in a denominator. By 
(1^^ and dOSD, we have 



dE p 
'dp~ (l + p2)f 

1 



-mLY(S) 



Stt 



95 
dp dp 



(l + p2 



-T(l-t) 



(2.27) 



^ / fco (<f (1) - $ (t)) 
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P 



sinh"^ ( - ) + 



tj (l + p2){t^ + p)h 



1 



-t 



P 



-t. 



Now 



'dt 



Pil + p') + ip' - 



(2.28) 



tp(l + /2)^(l+p2)i(t2 + /2)i (l + p2)i 
(l-t2)/2 + p2(t2 + ^2) 



.tp2(l + /2)2(t2 + J2 

Hence if < i < 1, 
9$ 



> 



9i -(l + p2)| 
>0. 



Similarly, ii t > 1 , then 



9$ 



< 



dt -(l + p2)i 
<0. 



i(l + /2)i 



- 1 



2\ 2 



(1 + / 



2U 



(2.29) 



(2.30) 



(2.31) 
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Therefore, $(1) = maxt>o$(t). By (lOTD . we have 

for all p > 0. Integrating fl2.32p and note that E{0,uj) = m^^{T,), we 

conclude 

Eip,Lu) > v/1 + pXy(S), (2.33) 
which proves ( ]2.14p . Now the lower bound of i?(S,X, Tq) in ( 12. 6p 
follows directly from (l2J2l) and (127[D . 

In order to obtain an upper bound for E{T,, X,Tq), by (12.291) and 
using the fact p < p^, we have, if < to < t < 1, 



a$ /I 1 



at - t ; (i + p2 
1 1 



< 



■ ^0 / (l + p2)i 
Hence by the mean value theorem, if < to ^ 1) 

$(1) - ^to) < (1 - to) f ^ + ^ - 2^ —^—T- (2.35) 



(2.34) 



to to 



Similarly, if to > t > 1, we have 



^>ri + l-2^ P 



at -\t^ t J (i + p2)l 

~\ti to j(i + p2)r 

Thus (12351) is also true for to > 1. By (Km and (lOHll . 

as p 



(2.36) 



(1 + p2 

P 

< r sup 

-(l + p2)5 



Ho\ . \H{ 



+ 



1 

8^ 



(2.37) 



\Ho\ - \H\ 



From this, it is easy to see that the upper bound for E^E, X,To) in 
(ESD holds. 

To prove the rest part of (i), we note that if Tq = (1,0,0,0), then 
E{J:,X,To) = m^^{i:y, if \H\ = \Ho\, then E{X,J:,To) = 0. Hence 
(12.71) holds automatically in either case. Now suppose (12.71) is true for 
some To with a = pouj where po > 0, then by the proof of (12.331) . we 
have $(t) = $(1) everywhere on S for any < p < po. A detailed 
examination of (I2.29p - (l2.3ip shows that, at points x G S where / = 0, 
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we have ^ = 0, Vt; while at points x G S where / 7^ 0, we have ^ > 0, 
VO < t < 1 and ^ < 0, Vt > 1. Therefore, the fact = $(1) on 
S imphes that t = 1 on the subset {/ 7^ 0} C S. On the other hand, 
since po > 0, we know / = if and only if p = or equivalently 
{uj,e^°) = 0. Since X(S) is a strictly convex close surface in M'^, the 
Gauss map that sends a point on E to its outward unit normal is 
a diffeomorphism from S to Therefore, the set {{uj,e^°) = 0} is a 
closed embedded curve in S. Consequently, its complement {/ 7^ 0} 
is dense in S. Therefore, t = 1 and hence \H\ = \Ho\ everywhere 
on E. In this case, by definition, E(T,, X,Tq) = 0, and by fl2.12p . 
E{E,X,To) = -Zlia%. 

(ii) Suppose W is future timelike, then — (Tq, W) attains its minimum 
over all future timelike unit vector Tq at Tq = W/ a/— (W, W). Now 
f lZSl) follows directly from 

(iii) At p = 0, we observe that /, |f , |^ all equal by fl2J9|) and 

(E25])-(E26]), hence |^ = by (Km . Therefore, the gradient of E{a) 
at a = (0,0,0) is -V by fl2A2D . Now if (EH) holds, then a = (0,0,0) 
is a critical point of E{a) by the fact that E{0) = m^^-y{Ti), therefore 
— V = 0. On the other hand, suppose —V = 0, by (12. 6p we have 
E{E,X,To) > v^l + \a\^m^^{E), which implies E{E,X,To) > m^^{E) 
by the assumption that mLY(S) > 0. Hence, (12.91) holds. 
This completes the proof of Theorem 12.11 

□ 

Suppose S sits in a time-symmetric slice in N, then one would like 
to compare the Brown- York mass of S and the Wang-Yau energy of S. 
As an immediate corollary of Theorem 12.11 we have 

Corollary 2.1. Suppose S bounds a compact, time- symmetric hyper- 
surface Q in a spacetime N satisfying the dominant energy condition. 
Suppose S has positive mean curvature k in Q with respect to the out- 
ward unit normal v, then 

infE(S,X,To)=m3,(S), 

and the infimum is achieved at Tq = (1, 0, 0, 0). Moreover, ifm-j^^CE) > 
0, then (1,0,0,0) is the unique absolute minimum point o/£'(E,X, Tq) 
when viewed as a function o/Tq. 

Proof. Let n be the future timelike unit normal to Q in A^. Since Q is 
time-symmetric and k = —{H, v) > 0, we have H = —ku, J = kn, and 
Vy 1^ = Vyn = for any vector Y tangent to fi. Hence, the vector 

field V vanishes pointwise on S. As a result, V = Jj. Vdvs = 0. By 
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Theorem 12.11 and the fact mLY(S) = m3Y(S) under the assumptions, 
we have 



E(S,X,To) + |a|2m3Y(S). (2.38) 

On the other hand, by the positivity resuhs on the Brown- York mass 
[8], we have 

m3Y(S)>0. (2.39) 
Therefore, it follows from flOSD and flOOj) that 

E(E,X,ro) >m3Y(S), (2.40) 

where m^^{T) is the value of E{E,X,To) when To = (1,0,0,0). If 
m^^iE) > 0, (12381) further imphes 

E{E,X,To)>m,^{j:) (2.41) 

for any Tq ^ (1, 0, 0, 0). The corollary is thus proved. □ 

3. Large sphere limit of Wang-Yau quasi-local energy at 

spatial infinity 

In this section, we study the asymptotical behavior of £'(5'^, X^, To) 
in an asymptotically flat spacelike hypersurface (M, p) in a spacetime 
N, where Sr is the coordinate sphere in a fixed end of M and is a 
suitably chosen embedding of Sr into = {(0,x) G M^'^}. 

First, we recall the definition of the ADM energy-momentum of 
{M,g,p). Let {y* | i = 1,2,3} be an asymptotic flat coordinate chart 
on M, the ADM energy-momentum [T] of {M,g,p) is a four covector 

where 

E = lim I {djgij - digjj)u'dvr 
is the ADM energy of {M,g,p) and 



lim / 2{pik - 5ikPjj)y'dVr 



'Sr 

is the ADM linear momentum of [M,g,p) in the y'^-direction. Here Sr 
is the coordinate sphere {\y\ = r} and i^^-^ is the outward unit normal 
to Sr- 

Under the assumptions (11. 4p and (11.51) on {M,g,p), we have the 
following fact from [H Lemma 2.3]. 
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Lemma 3.1. Let {M,g,p) be an asymptotically flat spacelike hypersur- 
face in a spacetime N. Let Y = {y^,y'^,y^) be the asymptotically flat 
coordinates on a fixed end of M. There exist an tq and a constant C 
independent of r such that for r > r^, there is an isometric embedding 
Xr = (x^,x^,a;^) of Sr = {\y\ = r} into the Euclidean space such 
that 



\Hn\ - \H\ 



+ r\n^„ — nA < C 



where Xr and Y are considered as -valued functions on the sphere 
Sr, Hq is the mean curvature vector of Xr{Sr), the gradient V(-) and 
the norm || ■ are taken with respect to the induced metric hr on Sr, 
is the unit outward normal of Xr{Sr), and Ur = Y/\Y\. 

We will always work with the embedding Xr of 5*^ provided by 
Lemma I3.1[ Given such an Xr , we let 

Vr = V{Sr,Xr),Wr = W(5',,X,) (3.1) 

which are defined by (12. 3p and (12. 4p . 

Theorem 3.1. Let {M,g,p), Sr, Y and Xr be as in Lemma \3. 1[ Let 
Vr, Wr be given in (13.11) . Let E{Sr, Xr,To) be the Wang-Yau quasi-local 
energy of Sr, where Tq = (a/1 + |ap, a) is any constant future timelike 
unit vector in M.^''^ with a = (a^, a^, a^). Then the followings are true: 

(i) 

lim Wr = (E, -Pi, -P2, -P3), (3.2) 

where {E, —Pi, — P2, — P3) is the ADM energy-momentum four 
vector of (M, g,p). 

(ii) 

EiSr,Xr,n) = -(ro,W,) +e(r)(l + |a|2)i (3.3) 

where e(r) is a quantity such that e(r) as r 00 uniformly 
in a. 

(iii) Suppose (i?, — Pi, — P2, — P3) is future timelike. Then 
lim miE{Sr,Xr,To) = m^^^, 

= \im E{Sr,Xr,T*^), 



where tn^^A/ — aZ-E^ — |Pp is the ADM mass of {M,g,p) and 
T^r = Wr/A/-(Wr, Wr) for sufficiently large r. 

Proof, (i) By the proof of [HI Theorem 3.1], we know 

3 

^ / <^v.^, §-Mvr = a^P^■ (3.5) 

Or I I I I 1 
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By ( nim . we have 

(V^.^,^) = -(«,^), (3.6) 

where V = Vr is the vector field on Sr dual to the 1-form Oeai-) defined 
in (12.21) ■ Therefore, by the definition of Vr and fl3.5p - fl3.6l) . 

3 

lim (a, V,) = lim ^ / (a, V) = -J" a' Pi. (3.7) 

Since a = (a^,a^,a^) can be chosen arbitrarily, (13. 7p implies 

lim V, = -(Pi,P2,P3)- (3.8) 

r— >oo 

Next, we show 

limm^^{Sr) = E. (3.9) 

r— >oo 

By jl], we have lim m3Y('S'r) = E. Hence, it suffices to prove 

r— >oo 

lim (m^^iSr) - m^^iSr)) = 0. (3.10) 
It follows from the definitions of m^^{Sr) and m3Y(5'r) that 

"^LY('S'r) - naBY('S'r) = I (k- \H\)dvr 

(3.11) 



where k is the mean curvature of S,- in (M, g) with respect to the 
outward unit normal Vr and tr^^p denotes the trace of p restricted to 
Sr- Write z/,. = i/*^, by [H Lemma 2.1], we have 

z/^ = ^ + 0(r-i) and k=- + 0{r-^). (3.12) 
r r 

Hence, 

tr^^P = - P{^r, k) = 0(r-2). (3.13) 

Therefore, 



- . /P _ (tr p)2 = ^ =Q(r~'), (3.14) 

V ^^^^ + - (tr,^p)2 ^ ^ 

which together with (13. lip implies (I3.10p . 
(ii) By (12. 6p in Theorem 12.11 we have 

\EiSr,Xr,To) - (-(To, W.))| < Cr{l + \a\^)K (3.15) 
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where 

' ■ 1 



Cr = sup 



+ 



lifP \H 



■i-K 



Ho\~\H\ 



By Lemma [3.11 and the fact \H\ = 2r ^ + 0{r ^) in fl3.12p . we have 

hm Cr = 0. (3.16) 



r— >oo 



Therefore, foUows from fl37[5|) and (^A^. 

(iii) Since {E, —Pi, —P2, —P3) is future timehke, by (i) Wr is future 
timehke if r is sufficiently large. For such an r, by (12. 8p in Theorem 

>inf E(5„X„To) > V-(W„ W,). 

To 

(3.17) 

Now ([33D follows from fIXTTD . fl3A6|) . and the fact that 

lim V-(>V.,W.) = m^^^,. 

This completes the proof of Theorem 13.11 □ 

Corollary 3.1. Let {M,g,p) be an asymptotically flat spacelike hy- 
persurface in a spacetime N satisfying the dominant energy condition. 
With the same notations as in Theorem \3.1\ if N is not flat along M, 
then 

lim inf ^(5*^, X^, Tq) = m^^^,. 

Proof. By the positive mass theorem of Schoen-Yau [7\ and Witten [12j, 
the ADM energy-momentum of {M,g,p) is future timelike unless N is 
flat along M. The result now follows from Theorem 13.11 □ 

Suppose there is an end of {M,g,p) such that m^^j^^ = 0, by [71 [T2] 
we know is fiat along M, {M,g,p) has only one end and can be 
isometrically embedded in the Minkowski space M^'^, moreover E = 0, 
p. = 0, i = 1, 2, 3. By \m,JT], we then have: 

lim inf E{Sr, Xr,To) = 0. 

r^oo {admissible To} 

It is still unclear whether the following is true, 

lim inf E{Sr, Xr, Tq) = 0. 

1 — >oo To 
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